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Abstract
We discuss monotonicity of order preserving operator functions and related order preserving operator
inequalities.
Let A  B  0 with A > 0, t ∈ [0, 1] and p  1. Let
F(λ,μ) = A−λ2
{
A
λ
2
(
A
−t
2 BpA
−t
2
)μ
A
λ
2
} 1−t+λ
(p−t)μ+λ
A
−λ
2 .
We show that:
(i) F(r,w)  F(r, 1)  F(r, s)  F(r, s′) for any s′  s  1, r  t and 1−tp−t  w  1,
(ii) F(q, s)  F(t, s)  F(r, s)  F(r ′, s) for any r ′  r  t, s  1 and t − 1  q  t .
These imply the following recent inequality due to Kamei
At 1−t
p−t
Bp  A t2 F(r, s)A t2 for r  t and s  1.
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1. Introduction
A capital letter means a bounded linear operator on a Hilbert space H . An operator T is said to
be positive (denoted by T  0) if (T x, x)  0 for all x ∈ H , and T is said to be strictly positive
(denoted by T > 0) if T is positive and invertible.
We state the celebrated and useful Löwner–Heinz inequality as follows.
Theorem LH (Löwner–Heinz inequality, denoted by (LH) briefly)
(LH) If A  B  0 holds, then Aα  Bα for any α ∈ [0, 1].
This was originally proved in [18] and then in [13]. Many nice proofs of (LH) are known. We
mention [19] and [2, Theorem 4.2.1]).
Although (LH) asserts that A  B  0 ensures Aα  Bα for any α ∈ [0, 1], unfortunately
Aα  Bα does not always hold for α > 1. The following result has been obtained from this point
of view.
Theorem 1.1. If A  B  0, then for each r  0,
(i)
(
B
r
2 ApB
r
2
) 1
q 
(
B
r
2 BpB
r
2
) 1
q
and
(ii)
(
A
r
2 ApA
r
2
) 1
q 
(
A
r
2 BpA
r
2
) 1
q
hold for p  0 and q  1 with (1 + r)q  p + r.
The original proof of Theorem 1.1 is shown in [6], an elementary one-page proof is in [7] and
alternative ones are in [3,14]. It is shown in [20] that the conditions p, q and r in Fig. 1 are best
possible.
Theorem 1.2. If A  B  0 with A > 0, then for t ∈ [0, 1] and p  1,
F (r, s) = A−r2
{
A
r
2
(
A
−t
2 BpA
−t
2
)s
A
r
2
} 1−t+r
(p−t)s+r
A
−r
2
is a decreasing function for r  t and s  1, and
Fig. 1. The domain for Theorem 1.1.
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A1−t+r 
{
A
r
2
(
A
−t
2 BpA
−t
2
)s
A
r
2
} 1−t+r
(p−t)s+r (1.1)
holds for t ∈ [0, 1], p  1, r  t and s  1.
The original proof of Theorem 1.2 is in [8], and an alternative one is in [4]. An elementary
one-page proof of (1.1) is in [9]. Further extensions of Theorem 1.2 and related results are in
[10–12,15]. It is originally shown in [21] that the exponent value 1−t+r
(p−t)s+r of the right hand of(1.1) is best possible and alternative proofs of this fact are in [5,22]. (1.1) interpolates Theorem
1.1 and an inequality equivalent to the main result of Ando-Hiai log majorization [1].
We state the following useful lemma to discuss decreasing monotonicity of operator functions.
Lemma 1.3. [8, Lemma 1]. LetX be a positive invertible operator andY be an invertible operator.
For any real number λ,
(YXY ∗)λ = YX 12
(
X
1
2 Y ∗YX
1
2
)λ−1
X
1
2 Y ∗.
In this paper, we discuss decreasing monotonicity of order preserving operator functions
associated with (1.1) and related satellite order preserving operator inequalities associated with
(1.1).
2. Decreasing monotonicity of order preserving operator functions associated with (1.1)
Theorem 2.1. Let A  B  0 with A > 0, t ∈ [0, 1] and p  1. Then
F(λ,μ) = A−λ2
{
A
λ
2
(
A
−t
2 BpA
−t
2
)μ
A
λ
2
} 1−t+λ
(p−t)μ+λ
A
−λ
2
satisfies the following properties:
(i) F(r,w)  F(r, 1)  F(r, s)  F(r, s′)
holds for any s′  s  1, r  t and 1−t
p−t  w  1.
(ii) F(q, s)  F(t, s)  F(r, s)  F(r ′, s)
holds for any r ′  r  t, s  1 and t − 1  q  t.
Proof of Theorem 2.1. Proof of (i). The conditions t ∈ [0, 1], p  1, r  t and 1−t
p−t  w  1
easily imply
r
1 − t + r ∈ [0, 1], (2.1)
1 − w ∈ [0, 1] (2.2)
and
1 − t + r
(p − t)w + r ∈ [0, 1]. (2.3)
Since A  B  0 with A > 0, (1.1) of Theorem 1.2 holds for t ∈ [0, 1], p  1, r  t, s  1
and by putting s = 1 in (1.1), we have
A1−t+r 
(
A
r−t
2 BpA
r−t
2
) 1−t+r
p−t+r
. (2.4)
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Put D = A−t2 BpA−t2 in (2.4) and raise each side of (2.4) to the power r1−t+r ∈ [0, 1] by (2.1).
By LH we have
Ar 
(
A
r
2 DA
r
2
) r
p−t+r
. (2.5)
Applying Lemma 1.3 to (2.5), we have(
D
1
2 ArD
1
2
)−(p−t)
p−t+r  D−1 (2.6)
and raise each side of (2.6) to the power 1 − w ∈ [0, 1] by (2.2). By LH we have(
D
1
2 ArD
1
2
)−(p−t)(1−w)
p−t+r  D−(1−w). (2.7)
Put f (s) =
{
A
r
2
(
A
−t
2 BpA
−t
2
)s
A
r
2
} 1−t+r
(p−t)s+r
. Then we have
f (1) =
{
A
r
2
(
A
−t
2 BpA
−t
2
)1
A
r
2
} 1−t+r
(p−t)1+r =
(
A
r
2 D1A
r
2
) 1−t+r
(p−t)1+r (2.8)
=
{(
A
r
2 DA
r
2
) (p−t)w+r
p−t+r
} 1−t+r
(p−t)w+r
=
{
A
r
2 D
1
2
(
D
1
2 ArD
1
2
)−(p−t)(1−w)
p−t+r
D
1
2 A
r
2
} 1−t+r
(p−t)w+r
by Lemma1.3

(
A
r
2 DwA
r
2
) 1−t+r
(p−t)w+r
= f (w)
and the last inequality follows by (2.7) and by LH since (2.3) holds. Then by (2.8) we have
F(r, 1) = A−r2 f (1)A−r2  A−r2 f (w)A−r2 = F(r,w). (2.9)
On the other hand, we have
F(r, 1)  F(r, s)  F(r, s′) for s′  s  1 (2.10)
by the decreasing monotonicity of F(r, s) for s  1 according to Theorem 1.2, so the proof of (i)
is complete by (2.9) and (2.10).
Proof of (ii). The conditions t ∈ [0, 1], p  1, s  1 and t − 1  q  t easily imply
t − q ∈ [0, 1] (2.11)
and
1 − t − (p − t)s
(p − t)s + r ∈ [−1, 0]. (2.12)
As stated in (i), as A  B  0 with A > 0, (1.1) holds for t ∈ [0, 1], p  1, r  t, s  1 and
by putting r = t in (1.1), we have
A 
{
A
t
2
(
A
−t
2 BpA
−t
2
)s
A
t
2
} 1
(p−t)s+t
. (2.13)
Raise each side of (2.13) to the power t − q ∈ [0, 1] by (2.11). By LH and taking inverses of
both sides, we have
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A−(t−q) 
(
A
t
2 DsA
t
2
) −(t−q)
(p−t)s+t (2.14)
for t ∈ [0, 1], p  1 and s  1. Then we have
F(t, s) = A−t2
(
A
t
2 DsA
t
2
) 1−t+t
(p−t)s+t
A
−t
2
= D s2
(
D
s
2 AtD
s
2
) 1−t−(p−t)s
(p−t)s+t
D
s
2 by Lemma1.3
= D s2
{(
D
s
2 AtD
s
2
) (p−t)s+q
(p−t)s+t
} 1−t−(p−t)s
(p−t)s+q
D
s
2
= D s2
{
D
s
2 A
t
2
(
A
t
2 DsA
t
2
) −(t−q)
(p−t)s+t
A
t
2 D
s
2
} 1−t−(p−t)s
(p−t)s+q
D
s
2 by Lemma1.3
 D s2
(
D
s
2 AqD
s
2
) 1−t−(p−t)s
(p−t)s+q
D
s
2
= A−q2
(
A
q
2 DsA
q
2
) 1−t+q
(p−t)s+q
A
−q
2
= F(q, s) (2.15)
and the last inequality follows by (2.14) and by LH since (2.12) holds and taking inverses of both
sides. On the other hand, we have
F(t, s)  F(r, s)  F(r ′, s) for r ′  r  t (2.16)
by the decreasing monotonicity of F(r, s) of Theorem 1.2 for r  t according to Theorem 1.2,
so the proof of (ii) is completye by (2.15) and (2.16). 
3. Satellite inequalities of Theorem 1.2 as applications of Theorem 2.1
In [17], the α-power mean of A,B > 0 is defined by AαB = A 12 (A−12 BA−12 )αA 12 for α ∈
[0, 1]. Further α-power mean of A,B  0 is defined by AαB = lim↓0(A + I )α(B + I ).
We state several satellite inequalities of Theorem 1.2 as applications of Theorem 2.1.
Corollary 3.1. If A  B  0 with A > 0, then for t ∈ [0, 1] and p  1,
(i) (AtwBp)
1
(p−t)w+t  B 
{
A
t
2
(
A
−t
2 BpA
−t
2
)s
A
t
2
} 1
(p−t)s+t
 At−r2
{
A
r
2
(
A
−t
2 BpA
−t
2
)s
A
r
2
} 1−t+r
(p−t)s+r
A
t−r
2 ,
(ii) (AtwBp)
1
(p−t)w+t  B  At−r2
(
A
r−t
2 BpA
r−t
2
) 1+r−t
p+r−t
A
t−r
2
 At−r2
{
A
r
2 (A
−t
2 BpA
−t
2 )sA
r
2
} 1−t+r
(p−t)s+r
A
t−r
2
hold for s  1, r  t and 1−t
p−t  w  1.
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Corollary 3.2. If A  B  0 with A > 0, then for t ∈ [0, 1] and p  1,
(i) At−q 1−t+q
p−t+q
Bp  B 
{
A
t
2
(
A
−t
2 BpA
−t
2
)s
A
t
2
} 1
(p−t)s+t
 At−r2 {Ar2 (A−t2 BpA−t2 )sA r2 } 1−t+r(p−t)s+r A t−r2 ,
(ii) At−q 1−t+q
p−t+q
Bp  B  At−r2
(
A
r−t
2 BpA
r−t
2
) 1+r−t
p+r−t
A
t−r
2
 At−r2 {Ar2 (A−t2 BpA−t2 )sA r2 } 1−t+r(p−t)s+r A t−r2
hold for s  1, r  t and t − 1  q  t.
Proof of Corollary 3.1. (i) If A  B  0 with A > 0, then for t ∈ [0, 1] and p  1,
F(r,w)  F(r, 1)  F(r, s) (3.1)
holds for s  1, r  t and 1−t
p−t  w  1 by (i) of Theorem 2.1 and we have
A
t
2 F(t, w)A
t
2  A t2 F(t, 1)A t2  A t2 F(t, s)A t2  A t2 F(r, s)A t2 (3.2)
because the first inequality and the second one follow by putting r = t in (3.1), and the third one
follows by the decreasing monotonicity of F(r, s) on r such that r  t and (3.2) implies (i).
(ii) By the same way as (i), since (3.1) holds and we have
A
t
2 F(t, w)A
t
2  A t2 F(t, 1)A t2  A t2 F(r, 1)A t2  A t2 F(r, s)A t2 (3.3)
because the first inequality follows by putting r = t at the first inequality in (3.1), the second
inequality and the third one follow by the decreasing monotonicity of F(r, s) on r and s such that
r  t and s  1 and (3.3) implies (ii). 
Proof of Corollary 3.2. (i) If A  B  0 with A > 0, then for t ∈ [0, 1] and p  1,
F(q, s)  F(t, s)  F(r, s) (3.4)
holds for s  1, r  t and t − 1  q  t by (ii) of Theorem 2.1 and we have
A
t
2 F(q, 1)A
t
2  A t2 F(t, 1)A t2  A t2 F(t, s)A t2  A t2 F(r, s)A t2 (3.5)
holds for s  1, r  t and t − 1  q  t because the first inequality follows by putting s =
1 in the inequality of (3.4), the second inequality and the third one follow by the decreasing
monotonicity of F(r, s) on r and s such that r  t and s  1 and (3.5) implies (i).
(ii) By the same way as (i), for t ∈ [0, 1] and p  1,
A
t
2 F(q, 1)A
t
2  A t2 F(t, 1)A t2  A t2 F(r, 1)A t2  A t2 F(r, s)A t2 (3.6)
holds for s  1, r  t and t − 1  q  t because the first inequality and the second one follow
by putting s = 1 in (3.4), and the third one follow by the decreasing monotonicity of F(r, s) on
s such that s  1 and (3.6) implies (ii). 
Very recently, Kamei showed the following
Theorem K [16, Theorem]. If A  B  0 with A > 0, then for t ∈ [0, 1] and p  1,
At 1−t
p−t
Bp  A t2 F(r, s)A t2 holds for r  t and s  1.
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Since A
t
2 F(r, s)A
t
2 = At−r2
{
A
r
2
(
A
−t
2 BpA
−t
2
)s
A
r
2
} 1−t+r
(p−t)s+r
A
t−r
2 holds, (i) or (ii) of Corollary
3.1 implies Theorem K. Also (i) or (ii) of Corollary 3.2 implies Theorem K.
Corollary 3.2 can be considered as an extension of known satellete inequalities in [10, Section
3.2.5, Corollary 2].
4. Related counterexamples associated with Theorem 2.1
Counterexample 1 (C-1). There exist such that
A  B > 0, t ∈ [0, 1] and p  1, F (r, w1)F(r,w2) for 1−tp−t  w1  w2  1.
Take A and B on 2-dimensional space as follows:
A =
(
150 50
50 100
)
and B =
(
100 0
0 50
)
.
Then A  B > 0 holds. Also take r = 1, t = 35 , p = 4, w1 = 217 and w2 = 14 . Then 1−tp−t = w1 <
w2 < 1, and we have
X = F(r,w1) − F(r,w2)
= A−r2
{
A
r
2
(
A
−t
2 BpA
−t
2
)w1
A
r
2
} 1−t+r
(p−t)w1+r A
−r
2
−A−r2
{
A
r
2
(
A
−t
2 BpA
−t
2
)w2
A
r
2
} 1−t+r
(p−t)w2+r A
−r
2
=
(
0.5038847 . . . 0.5764473 . . .
0.5764473 . . . 0.633364 . . .
)
and eigenvalues of X = {1.148680 . . . ,−0.01145926 . . .}, so that F(r,w1)F(r,w2).
Counterexample 2 (C-2). There exist such that
A  B > 0, t ∈ [0, 1] and p  1, F (r1, w)F(r2, w) for r2  r1  t and 1−tp−t  w  1.
Take A and B on 2-dimensional space as follows:
A =
(
2450 1080
1080 610
)
and B =
(
240 0
0 80
)
.
Then A  B > 0 holds. Take p = 4, t = r1 = 45 and r2 = 85 . Then 1−tp−t = 116 and w = 1−tp−t +
1
50 = 33400 , r2 > r1 = t and 1−tp−t < w < 1.
X = F(r1, w) − F(r2, w)
= A−r12
{
A
r1
2
(
A
−t
2 BpA
−t
2
)w
A
r1
2
} 1−t+r1
(p−t)w+r1 A
−r1
2
−A−r22
{
A
r2
2
(
A
−t
2 BpA
−t
2
)w
A
r2
2
} 1−t+r2
(p−t)w+r2 A
−r2
2
=
(
0.042536 . . . 0.017474 . . .
0.017474 . . . 0.003535 . . .
)
and the eigenvalues of X = {0.0492 . . . ,−0.003149 . . .} so that F(r1, w)F(r2, w).
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Counterexample 3 (C-3). There exist such that
A  B > 0, t ∈ [0, 1] and p  1, F (q1, s)F(q2, s) for 0  q1  q2  t and s  1.
Take A and B on 2-dimensional space as follows:
A =
(
150 50
50 100
)
and B =
(
100 0
0 50
)
.
Then A  B > 0 holds.
Also take s = 1, t = 1, p = 4, q1 = 14 and q2 = 12 . Then 0 < q1 < q2 < t , and we have
X = F(q1, s) − F(q2, s)
= A−q12
{
A
q1
2
(
A
−t
2 BpA
−t
2
)s
A
q1
2
} 1−t+q1
(p−t)s+q1
A
−q1
2
−A−q22
{
A
q2
2
(
A
−t
2 BpA
−t
2
)s
A
q2
2
} 1−t+q2
(p−t)s+q2
A
−q2
2
=
(
0.05722376 . . . 0.07893881 . . .
0.07893881 . . . 0.10207898 . . .
)
and eigenvalues of X = {0.1617144 . . . ,−0.002411614 . . .}, so that F(q1, s)F(q2, s).
Counterexample 4 (C-4). There exist such that
A  B > 0, t ∈ [0, 1] and p  1, F (q, s1)F(q, s2) for 0  q  t and s2  s1  1.
Take A and B on 2-dimensional space as follows:
A =
(
160 90
90 62
)
and B =
(
25 0
0 1
)
.
Then A  B > 0 holds. Take p = 4, t = 45 and q = 14 , s1 = 1 and s2 = 32 . Then 0  q  t and
s2 > s1 = 1, and we have
X = F(q, s1) − F(q, s2)
= A−q2
{
A
q
2
(
A
−t
2 BpA
−t
2
)s1
A
q
2
} 1−t+q
(p−t)s1+q
A
−q
2
−A−q2
{
A
q
2
(
A
−t
2 BpA
−t
2
)s2
A
q
2
} 1−t+q
(p−t)s2+q
A
−q
2
=
(−0.0018268 . . . 0.0053192 . . .
0.0053192 . . . 0.0136918 . . .
)
and the eigenvalues of X = {0.015340 . . . ,−0.0034750 . . .} so that F(q, s1)F(q, s2).
Counterexample 5 (C-5). There exist such that
A  B > 0, t ∈ [0, 1] and p  1, F (q1, s)F(q2, s) for t − 1  q1  q2 < 0 and s  1.
Take A and B on 2-dimensional space as follows:
A =
(
465 377
377 430
)
and B =
(
100 0
0 36
)
.
Then A  B > 0 holds. Take p = 4, t = 45 and q1 = −15 , q2 = −320 and s = 5. Then t − 1 < q1 
q2 < 0 and s > 1, and we have
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X = F(q1, s) − F(q2, s)
= A−q12
{
A
q1
2
(
A
−t
2 BpA
−t
2
)s
A
q1
2
} 1−t+q1
(p−t)s+q1
A
−q1
2
−A−q22
{
A
q2
2
(
A
−t
2 BpA
−t
2
)s
A
q2
2
} 1−t+q2
(p−t)s+q2
A
−q2
2
=
(
0.2632488 . . . 0.3266078 . . .
0.3266078 . . . 0.3559842 . . .
)
and the eigenvalues of X = {0.6394992 . . . ,−0.020266260 . . .} so that F(q1, s)F(q2, s).
Counterexample 6 (C-6). There exist such that
A  B > 0, t ∈ [0, 1] and p  1, F (q, s1)F(q, s2) for t − 1  q < 0 and s2  s1  1.
Take A and B on 2-dimensional space as follows:
A =
(
63 61
61 109
)
and B =
(
2 −5
−5 37
)
.
Then A  B > 0 holds. Take p = 4, t = 35 and q = −310 , s1 = 1 and s2 = 32 . Then t − 1 < q < 0
and s2 > s1 = 1, and we have
X = F(q, s2) − F(q, s1)
= A−q2
{
A
q
2
(
A
−t
2 BpA
−t
2
)s2
A
q
2
} 1−t+q
(p−t)s2+q
A
−q
2
−A−q2
{
A
q
2
(
A
−t
2 BpA
−t
2
)s1
A
q
2
} 1−t+q
(p−t)s1+q
A
−q
2
=
(
0.0418226 . . . 0.0325835 . . .
0.0325835 . . . 0.0224318 . . .
)
and the eigenvalues of X = {0.0661483 . . . ,−0.00185385 . . .} so that F(q, s1)F(q, s2).
5. Contrast among Theorem 2.1 and related results
I would list statements (5.1)–(5.4) in the following Remark 5.1 as a concluding remark.
Remark 5.1. Let A  B  0 with A > 0, t ∈ [0, 1] and p  1. Then the following properties
hold.
F(r, s) = A−r2
{
A
r
2
(
A
−t
2 BpA
−t
2
)s
A
r
2
} 1−t+r
(p−t)s+r
A
−r
2 (5.1)
is a decreasing function of r and s such that r  t and s  1.
F(r,w) = A−r2
{
A
r
2
(
A
−t
2 BpA
−t
2
)w
A
r
2
} 1−t+r
(p−t)w+r
A
−r
2 (5.2)
is not a decreasing function of r and w such that r  t and 1−t
p−t  w  1, but
F(r,w)  F(r, 1)
holds for any r  t and 1−t
p−t  w  1.
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F(q, s) = A−q2
{
A
q
2
(
A
−t
2 BpA
−t
2
)s
A
q
2
} 1−t+q
(p−t)s+q
A
−q
2 (5.3)
is not a decreasing function of q and s such that 0  q  t and s  1, but
F(q, s)  F(t, s)
holds for any 0  q  t and s  1.
F(q, s) = A−q2
{
A
q
2
(
A
−t
2 BpA
−t
2
)s
A
q
2
} 1−t+q
(p−t)s+q
A
−q
2 (5.4)
is not a decreasing function of q and is not an increasing of s such that t − 1  q  0 and s  1,
but
F(q, s)  F(t, s)
holds for any t − 1  q  0 and s  1.
(5.1) is itself the former half of Theorem 1.2. (Recall that the coordinate (r, s) ∈ Drs in Fig. 2).
The latter half of (5.2) is shown, that is, F(r,w)  F(r, 1) holds for r  t and 1−t
p−t  w  1
by (i) of Theorem 2.1. The former half of (5.2) follows by (C-2) and (C-1) in Section 4. (Recall
that the coordinate (r, w) ∈ Drw in Fig. 2).
The latter half of (5.3) is shown, that is, F(q, s)  F(t, s) holds for 0  q  t and s  1 by
(ii) of Theorem 2.1. The former of (5.3) follows by (C-3) and (C-4) in Section 4. (Recall that the
coordinate (q, s) ∈ D+qs in Fig. 2).
The latter half of (5.4) is shown, that is, F(q, s)  F(t, s) holds for t − 1  q  0 and s  1
by (ii) of Theorem 2.1. The former of (5.4) follows by (C-5) and (C-6) in Section 4. (Recall that
the coordinate (q, s) ∈ D−qs in Fig. 2).
Fig. 2. The domain for Theorem 2.1.
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